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First-order many-body theory has been used to calculate the differential, integrated, and
momentum-transfer cross sections for the electron-impact excitation of the 5s'[ 2 ]~('P~),
5s [ 2 ],( P&), Ss'[ 2 ]o( Po), and 5s [ 2 ]2( P2) states of krypton for the incident energies of 20, 30, 50,
60, and 100 eV. Electron-photon coincidence parameters for the optically allowed states have been
obtained. The results are compared to available experimental results.
I. INTRODUCTION
The study of electron-impact excitation of rare-gas
atoms dates from the second decade of this century. Due
to their chemical inactivity, the rare gases could easi/y be
handled and were preferred by the experimentalists.
Among those early experiments, we find the first observa-
tion of the integrated cross section (ICS) of Kr by Ram-
sauer' and by Ramsauer and Kollath. Later, Lewis
et al. measured the differential cross section (DCS) but
were unable to resolve the fine structure of the 4p~ss
transition. Delage and Carrete observed the fine struc-
ture of the state although they could not normalize their
results. Only recently have absolute DCS's (Ref. 5) been
obtained for several states of Kr. Much less attention has
been given to the theoretical aspects of the problem. The
calculations of Ganas and Green of the ICS for the
4p ~5s optically allowed transition are the only work re-
ported in the literature. They used a Born-type approxi-
mation with semiempirical angular distortion.
The electron-photon coincidence experiments (EPCE)
have greatly aided the understanding of the excitation
process in atoms. The theoretical analysis shows that
direct information about the scattering amplitudes can be
obtained from these measurements. A large amount of
experimental and theoretical work has been dedicated to
the subject. In the case of LS-coupled systems (e.g., heli-
um) two parameters, usually A, and X, can be extracted
from the experiments. The A, and g parameters give the
ratio of the differential cross sections and the relative
phase of the scattering amplitude for the magnetic sublev-
els, respectively. When the spin-orbit interaction is con-
sidered for the atomic excited states, the experiments al-
low the determination of four parameters, e.g., A, , 7, e,
and a.'
Recently, McGregor et a/. , ' Nishimura et al. , " and
Crowe et al. ' reported electron-photon coincidence pa-
rameters (EPCP) for Kr which should provide an ideal
test for different theoretical treatments. Nevertheless,
since these experiments disagree with each other, a greater
burden is placed on the theoretical findings. Both the
DCS and EPCP for Kr were measured in the
intermediate-energy region which extends from a few elec-
tron volts above the ionization threshold to the point at
which the first Born approximation (FBA) is valid. In
this energy range such simple models as the distorted-
wave approximation (DWA) and the first-order many-
body theory' (FOMBT) give good results for the DCS of
the optically allowed transitions. More rigorous ap-
proaches such as the close-coupling'" (CC) method are
very accurate in the threshold energy region; however,
such treatments become extremely complicated and ex-
pensive to apply at higher energies, especially for heavy
atoms. Krypton with 36 electrons would pose serious
complications for- a CC treatment, thus necessitating a
more approximate approach. ' Previous applications of
the FOMBT to the calculation of the DCS of He, '
Ne, ' ' and Ar (Refs. 22 and 23) provided results in good
agreement with the experiment for the optically allowed
transition and of the correct order of magnitude for cases
described only by exchange processes.
We used the FOMBT, modified to include spin-orbit ef-
fects in the target, to calculate the DCS and EPCP of
Kr. We were motivated to make the present study by the
lack of other theoretical results. In addition, krypton is
the first of the noble gases with d electrons, which are re-
sponsible for magnetic properties in transition metals, to
be studied with the FOMBT. Finally, since the spin-orbit
interaction is more important for larger atoms, the kryp-
ton system provides a more stringent test of the way we
incorporated these effects into the theory.
The plan of this paper is the following. In Sec. II, we
present a summary of the FOMBT in the calculation of
the DCS and the EPCP for atoms with spin-orbit cou-
pling; in Sec. III we discuss details of the calculations and
comment about the computer codes used. The results are
presented in Sec. IV.
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II. THEORY
A. The FOMBT
X V(r] —r2)X„(r2,r] ), (2)
where fz+' and fq ' represent the incoming and outgoing
electron orbitals, calculated in the field of the ground
state, with momenta p and q, respectively. The Coulomb
potential is given by V(r] —r2) and the transition density
matrix, which in the Hartree-Pock approximation is sim-
ply a product of two orbitals, by X„(r],r2).
The introduction of the spin-orbit interaction has two
major effects. The first occurs in the target, where states
with the same value of J, formed by the coupling of l.
and S, are mixed, dramatically affecting some of the
properties associated with the state. For example, a P
state with a dipole-forbidden transition to the ground
state is transformed to an optically allowed state due to
the mixing of the 'P component. The second effect occurs
in the description of the continuum electron. The spin-
orbit interaction between the continuum electron and the
atom can polarize an initially unpolarized electron beam;
however, we expect from spin-polarization measurements
that this effect will not be very large for e-Kr scattering.
In our calculations we consider the spin-orbit potential
only in the target. Through a recoupling of the angular
momenta, we can transform the transition density matrix
from the L,S to the L,S,J description:
SLJ L,S
Xn, l.,s,J(r] r2) y CMgML MJX Il, ML, Mg( 1 r2)
M~, ML
The FOMBT and its extension to include spin-orbit ef-
fects in the target have been discussed in detail in Ref. 22.
In this subsection we present only a summary of the
theory.
The FOMBT in its original form is a nonrelativistic
theory, appropriate for the study of systems for which the
total angular momentum L and the total spin S are good
quantum numbers. The T matrix describing the excita-
tion process has two parts, the direct TLMs and the ex-
change TLMs terms, given by
TIME fdr—] dr2fq ')*(r])f~+'(r])
X V( r] —r2)X„(r2, r2),
r,'M, = fdr] dr2(fq ')*(r])f~+'(r2)
Moiseiwitsch used a similar approach in the study of the
excitation of Hg, in which they reduced an N electron to a
two-electron problem by incorporating the spin-orbit ef-
fects only in the 6p state. For the noble gas, the transition
density matrix approach transforms the N electrons to a
particle and a hole problem.
B. The cross sections
=%0(5s [ 2 ]1)+ Nl(5$ [ 2 ]1d 0 5s'[ —,' ]', (5a)
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where oo(5s [j]J) and o.](5s [j]q) are the differential cross
sections for the excitation of the magnetic sublevels 0 and
I, respectively. For the state 5s'[ —,]1, oo and o] are








Using the transition density matrices in the L,S,J
description, we obtain the T matrices as functions of
TL M s and rL M s for the excitation of each 5s [j]z state,
where j=—,' and —', and J=O, l, and 2. We simplify our
notation as follows:
D SD




TL = 1, MI, S= 1 ~TML
Using this notation, we can write the differential cross







5s'[ —,' ],('P])) = —a I 5'P)+b I 5 P),
I
5s [—,
' ],( P, ) ) =b I 5 'P ) +a I 5 P ),
(4a)
(4b)
where a =0.683 and b =0.730. McConnell and
where CM M M ls a Clebsch-Gordan coefficient. In this5 L J
case we have the transformations 'P ~'P1 and
3 3P~ P2, 1,O.
The states with J=1 are mixed, and the coefficients
are determined in the scheme suggested by Cowan and
Andrew:
For the state 5 s [ —, ]„the formulas are analogous, with a
and b interchanged.
C. The electron-photon coincidence parameters
The electron-photon coincidence parameters, A, , 7, e,
and 6, defined by da Paixao et a/. have been discussed in
detail in Ref. 23. We can write the expressions for these
parameters as functions of o.o, o.1 and the T matrices for
the state 5s'[ —,' ]1 as follows:







b 2(2TSD TSE)e(2TSD TSE) TTEe TTE
(7b)
b2 2
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For the state 5s[ —,' ]1, the formulas are analogous, with a and b interchanged.
III. DETAILS OF THE CALCULATIONS
A. The angular momentum analysis
The T matrices from Eqs. (1) and (2) can be written as partial wave expansions:
D 4~




! Ml ! I'=I"—1
( —i)exp[i[~I (p)+~1 (q)] I
(l"—Ml )!
X (2l'+ 1 )(2l"+ 1) l"+ML !
l' l" 1 l' l" 1
0 0 0 0 —ML Ml
D ML
&& cos6I (p)cos51 (q)II j sPI (COSH» ) =QTI-PI- (C—OSOq ),
pq OO OO
7"
&Il'I"S = dr 1 dr2l2I"(q r1 )pl (p, r1 ) R4 (r2 )R5,(r2)0 0 P (8b)
and
I"+1





l" 1 l" l' l
0 0 0 ML 0 —ML
J
where
pq MI E ML
+COSA!
(p)COSA! (q)J( I SPI (COSH' ) =g Tl-Pl (coSHq ),
l'
s'q OO
f' (Jl'I"S= drl dr2PI"(Sr2)PI'(pearl ) I' 1 R4I'(r2)R5s(rl ) .0 0 + (9b)
In the expressions (8a), (8b) and (9a), (9b), 51 is the lth
partial-wave phase shift, Oq is the scattering angle, and
pI(p, r) is the continuum radial function. R4~ and R&, are
the radial parts of the 4p and 5s orbitals of the atom,
respectively.
In the numerical calculation of these expressions we
must truncate the sums at a finite value lD. The expan-
sion of T requires only a small number of partial waves
to converge. In this case the appropriate value of ID,
which depends on the incident electron energy E;, changes
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from /D —6 at E;=15 eV to lD —12 at E; =100 eV. The
sum over l" in the expansion of T is much more slowly
convergent, and the required value of /D would be quite
large (ID ~ 100). However, for I'& ID, the FBA becomes
valid, allowing us to complete the sum for /D &I"& oo.
This can be easily done if we write TLM z in the rear-
ranged form
la
TLMLs — g TI-PI (cosOq )+TI MtvD D I FBA
T,". P, (cos0 ),
1"& ~mL ~
where TLM s is the closed-form expression for TIM s inL L
the FBA. The second sum in Eq. (10) is the partial-wave
expansion of TLM z in the FBA.L
Accurate numerical techniques were used to calculate
~ ~ JPI s'e wthe radj. al integrals II (-g and JI (-g. To converge JI (-g, we
carried out the integration until Ro ——70 a.u. The long-
range nature of II I-z required the integration to be made
until R ~ —270 a.u. In this case, in the interval
R 0 & r & R & the continuum orbitals were replaced by the
exact asymptotic functions.
B. The computer codes
curacy of the bound-state wave functions were checked
against the oscillator strength to the 'P~~'So transition
measured by de Jongh and van Eck. Our result is 0.144,
compared with 0.14+0.015 given by the experiments.
The continuum Hartree-Pock orbitals were obtained using
a modified version of a computer code by Bates. One of
the modifications made to this code allows us to consider
exchange for only some partial waves. Also, we can now
fit the continuum orbital to the exact asymptotic wave
function, therefore reducing the integration to just beyond
the extent of the exchange contribution. To avoid over-
flows, some minor modifications were necessary, includ-
ing a different initial estimate for the solution of our
equations. We programmed simple procedures for the
calculation of the T matrices, the cross sections, and the
EPCP.
IV. RESULTS AND DISCUSSIONS
We present in Fig. 1 the static-exchange phase shifts for
the s, p, d, and f partial waves. To test our modifications
of the Bates program, we have also calculated the phase
shifts using the hnear algebraic code of Collins and
Schneider. In this case we used the ground-state wave
function by Clementi and Roetti. ' Both sets of results
agree to better than 0.1% for low partial waves ((=0, 1,
and 2). Although the difference increases for higher par-
tial waves for which the phase shifts are small, the cross
section is insensitive to these components.
We calculated the bound-state orbital using the code of
Froese-Fischer (MCHF77). We obtained the ground state
in a single-configuration calculation and the excited
bound state in the "frozen core" approximation. The ac- -r5
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FICy. 1. Phase shifts for s, p, d, and f partial waves.
FIG. 2. DCS for the excitation of the 5s'[ z ]& state of kryp-
ton at 30 eV. The measured data are from Trajmar et al. (Ref.
5).
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FIG. 3. DCS for the excitation of the Ss [ 2 ]& state of kryp-
ton at 30 eV. The measured data are from Trajmar et al. (Ref.
5).
FIG. 5. As Fig. 2, for 50-eV incident electron energy.
A. The cross section
%'e calculated the FGMBT DCS for the excitation of
the Ss'[ —,' ]&„Sd[—', ]~, Ss'[ 2 ]o, and Ss[—,
'
]2 states of Kr at
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FICx. 4. DCS for the excitation of the Ss[ z ]2 and Ss'[ z ]o
states of krypton at 30 eV. The measured data are from Traj-
mar et al. (Ref. 5). FICE. 6. As Fig. 3, for 50-eV incident electron energy.
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FKx. 7. As Fig. 4, for 50-eV incident electron energy.
FIG. 9. As Fig. 8, for the Ss [ z ]z and 5 s'[ z ]o states.
suits are too low by a factor that varies from 7 at 10' to
1.5 at 70'. The agreement with the experiment improves
at 30 eV, with the results reasonably accurate in the angu-
lar range 50 & 0 & 120' and in better accord at smaller an-
eV. In Figs. 2—7 we compare our theoretical results at
E; =30 and SO eV with the experimental data of Trajmar
et al. (Tabled results can be obtained from the authors. )
For the optically allowed transitions (b,J= I), the agree-
ment of our present results with the experiment is com-
parable to that obtained for Ar (Ref. 22) although worse
than for Ne. 2~ In general, the FOMBT describes well
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FICi. 8. ICS for the excitation of the Ss[ z ]~ and Ss'[ 2 ]~&
states of krypton. Tlie data points are from Ref. 5.
FIG. 10. Momentum-transfer cross section for the excitation
of the Ss[ 2 ]~ and Ss'[ 2 ]& states of krypton. The data points
are from Ref. S.
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FIG. 11. As Fig. 10, for the 5s [ 2 ]z and 5s'[ z ]0 states.
gles. At 50 eV, the theoretical curve is inside the experi-
mental error for angles 30 & 0(100, while at 100 eV, the
theoretical curve has a structure in the large angular re-
gion not observed in the experiments. For this energy,
nevertheless, the cross sections were measured only up to
80'. At the lower energies, effects we have not considered,
such as the polarization of the target, could make consid-
erable differences in the cross sections. The outgoing elec-
tron, in these cases, is slow enough to feel the long-range
polarization potential of the atom. This explains why the
results are better for Ne, with polarizability 2.66, than
for Ar and Kr with polarizabilities 11.1 and 16.7,
respectively.
The FOMBT cross-section curves for the excitation of
the states Ss'[ —,' jc and Ss[—', ]2 have, in general, the correct
order of magnitude and confirm the trend observed in the
Ne (Ref. 20) and Ar (Ref. 22) calculations. The reason
that the spin-forbidden excitation is not very well
described by a first-order theory was first pointed out by
Seaton. For optically allowed transitions, a large num-
ber of partial waves are required in order to converge the
cross section. In this case the low partial waves, which
may require a more rigorous treatment that includes cou-
pling and correlation effects, do not significantly con-
tribute to the final results. The differences for allowed
transitions between Ne (Ref. 20) on the one hand and Ar
(Ref. 22) and Kr on the other arise from the fact that tar-
get polarization effects can also influence intermediate
partial waves. On the other hand, the spin-forbidden











































































































transitions are dominated by low partial waves and there-
fore are sensitive to the method of calculation employed.
In this case polarization is not expected to be the most im-
portant effect.
We can also understand this trend from the point of
view of the many-body theory. The optically allowed
transitions are closer to. the single-particle scattering in
the sense that the direct process dominates. The spin-























































































































forbidden transitions are three-body processes. In a relat-
ed endeavor, Macek and Alston have demonstrated that
the strong second-order Born contribution is important in
charge transfer scattering. Their conclusions imply that
the inclusion of coupling between channels, which is
neglected in the FOMBT, plays a very important role in
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FIG. 12. A, parameter for the Ss [ 2 ]~ state of krypton. The
experimental data are from McGregor et al. (Ref. 10) (0) and
from Nishimura et al. (Ref. 11) ().
the pure exchange scattering. Indeed, in recent results for
the 2 S transition of He, the inclusion of some second-
order effects ' in the T matrix caused a dramatic im-
provement in the DCS.
In Figs. 8 and 9 we compare theoretical curves of the
integral cross section with the experimental results of
Trajmar et al. Although the FOMBT reproduces well
the shapes of the curves, our results are too high by fac-
tors varying from —, to 6. This is not unexpected since
each experimental ICS was obtained by integration of an
extrapolated DCS and considerable error could be intro-
duced in the process. Figures 10 and 11 contain a com-
parison of the theoretical inelastic momentum-transfer
cross sections to the measurements.
The recoupling procedure used in Eqs. (3) and (4) al-
lows us to establish some relation between DCS's of states
with J=2 and 0. In the previous application the excita-
tion energy for both states was supposed equal. This im-
plied that o(J =2)/o(J =0)=5 [see Eqs. (34c) and (34d)
in Ref. 22]. Here this assumption is not made but still
our results follow the relation in an approximate way. A
larger discrepancy from experiments will require different
5s functions for each state. For states with J=1 there is
not such a simple relationship but if we neglect exchange
and level splitting, the relation of the DCS is equal to
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FIG. 13. As Fig. 12, for the Ss'[ z ]~ state.
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FIG. 14. J parameter for the 5s[ 2 ]~ state of krypton. The
experimental data are from MeGregor et al. (Ref. 10) (0) and
from Nishimura et al. (Ref. 11) (0).
20 40 60 80 [00 I 20 I 40 I 60 I 80
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FIG. 16. e parameter for the 5s[ 2 ]& state of krypton. The
experimental data are from Ref. 11.
loses its importance as we go to higher energies or small
angles.
B. The electron-photon coincidence parameters
Tables I—IV show the results for k, X, 6, and e for the
states 5s'[ —,')~ of krypton at the incident energies of 20,
30, 50, 60, and 100 eV. (Tabled results can be obtained
from the authors. ) We compare our results to the avail-
able experimental data'o ' in Figs. 12—17. The behavior
of electron-photon coincidence parameters for Kr is simi-
lar to previous results for Ar (Ref. 23) and to a lesser ex-
tent to those for Ne. In particular, this atom has a
spin-orbit interaction much smaller than Ar or Kr. 6 and
e behave at 0' and 180' as dictated by the selection rule
and they show some structure due to minima in the mag-
netic sublevel cross section. For example, the maximum





as in previous results for Ne and
&r. The reflection symmetry of the scattering plane im-
plies that the angular momentum transferred in the col-
lision lies perpendicular to the scattering plane, and its
direction is given by sing. Due to our choice of phase
convention 0 (7 & 2n, the jumps in the values of X corre-
spond to the change of direction of the angular momen-
tum transferred. The figures show that the measurements
are in disagreement with each other and with the theoreti-
cal results. Nevertheless, the experiments confirm the
strong and abrupt structure for the coincidence parame-
ters in the angular region of the measurements, as predict-
ed by the theory. In this case we can expect that a smal1
misalignment in angle could change the experimental data
drasticalIy. This could explain the disagreement among
the measurements. To better evaluate the quality of our
results, it mould be necessary to compare with complete
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FIG. 15. As Fig. 14, for the 5s'[ z ], state. FIG. 17. As Fig. 16, for the 5s'[ 2 ]~ state.
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¹teadded in proof. After the completion of this pa-
per, we received revised experimental data from Professor
H. Nishimura. Although some of his individual numbers
have changed, the general trend continues the same as
displayed in the figures, and our analysis remains un-
changed.
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